We use dynamical mean field theory to find an exact solution for inelastic light scattering in strongly correlated materials such as those near a quantum-critical metal-insulator transition. We evaluate the results for q 0 (Raman) scattering and find that resonant effects can be quite large, and yield a double resonance, a significant enhancement of nonresonant scattering peaks, a joint resonance of both peaks when the incident photon frequency is on the order of U, and the appearance of an isosbestic point in all symmetry channels for an intermediate range of incident photon frequencies.
Inelastic light scattering is a powerful tool to unravel the nature of elementary excitations in a wide variety of materials [1] , ranging from Kondo insulators [2, 3] , to high-temperature superconductors [4, 5] , to colossal magnetoresistance materials [6] . Experimental efforts have been brought to bear on a variety of strongly correlated materials to examine the elementary excitations of insulators and metals and how they evolve as the correlations are made to change via doping, for example.
It is widely believed that by tuning the incident photon frequency, features of the nonresonant spectra can be magnified by orders of magnitude; that is, the resonance serves as a bootstrap to raise the intensity of the nonresonant signal. However, a full, consistent theory is lacking [7, 8] . Nonresonant scattering is derivable from a two-particle correlation function which can be treated by a variety of techniques, yet the resonant and mixed contributions involve higher particle correlations and are difficult to treat theoretically due to multiple-particle vertex renormalizations. Most of the approaches to light scattering in insulators examine the Loudon-Fleury model [9] which is most appropriate for off-resonant conditions. In the strong-coupling regime, a perturbative approach has been used to illustrate a number of important features of electronic resonant scattering processes [8, 10] . The nonresonant case has also been examined, and an exact solution for correlated systems (in large spatial dimensions) is available for both the Falicov-Kimball [11] and Hubbard [12] models.
For an electronic system with nearest-neighbor hopping, the interaction with a weak external transverse electromagnetic field A is described by [8] 
where
is the current operator, v k @"k=@k is the Fermi velocity, and
is the stress tensor operator. The inelastic light-scattering cross section becomes ( ! i ÿ ! f , q k i ÿ k f is the transferred photon frequency and momentum, respectively): R R N R M R R ; where the nonresonant contribution is
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Inelastic light scattering examines charge excitations of different symmetries by employing polarizers on both the incident and scattered light. The A 1g symmetry has the full symmetry of the lattice and is primarily measured by taking the initial and final polarizations to be e i e f 1; 1; 1; . . .. The B 1g symmetry involves crossed polarizers: e i 1; 1; 1; . . . and e f ÿ1; 1; ÿ1; 1; . . .; while the B 2g symmetry is rotated by 45 , with e i 1; 0; 1; 0; . . . and e f 0; 1; 0; 1; . . .. For Raman (q 0) scattering, it is easy to show that for a system with only nearest-neighbor hopping and in the limit of large dimensions, the A 1g sector has contributions from nonresonant, mixed, and resonant scattering, the B 1g sector has contributions from nonresonant and resonant scattering only, and the B 2g sector is purely resonant [11] . A full analysis for all q will be presented elsewhere; we focus only on Raman scattering (q 0) here.
Normally the matrix elements defined in Eqs. (4) -(6) cannot be easily determined for a many-body system in the thermodynamic limit. Instead, the light-scattering cross section expressions must be evaluated by first considering the relevant multitime correlation functions on the imaginary time axis, then Fourier transforming to a Matsubara frequency representation, and finally making an analytic continuation from the imaginary to the real frequency axis. In the case of nonresonant scattering, the expressions to be analytically continued depend on only one frequency; for mixed scattering they depend on two frequencies, and for resonant scattering, they depend on three. The analytic continuation procedure for the mixed and resonant Raman scattering is complicated, because it requires a multistep procedure, where first the transferred frequency is continued to the real axis, then the individual initial and final frequencies are continued to the real axis. In addition to the analytic continuation, we also must evaluate the dressed multitime correlation functions. There are renormalizations associated with two-particle ''ladderlike'' summations for a number of the relevant diagrams, but the symmetry of the velocity operator, and of the relevant multiparticle vertex functions (which are local in the large-dimensional limit) imply that there are no parquetlike summations, nor are there any threeparticle or four-particle vertex renormalizations [13] . Since the two-particle vertex function for the FalicovKimball model is already known [14] , the full Raman scattering problem can be solved via a straightforward but tedious procedure. The final formulas are cumbersome and will be presented elsewhere.
The Falicov-Kimball model Hamiltonian satisfies [15] H ÿ t localized electrons. This model can be solved exactly by using dynamical mean field theory, as described by Brandt and Mielsch [17] and summarized in review articles [18] .
We concentrate on the case with U 2 here, which is just on the insulating side of the metal-insulator transition at half filling ( e hw i i 1=2). This was the regime where the nonresonant response showed a number of interesting properties for both Raman [11] and inelastic x-ray scattering [19] . Since the nonresonant scattering has been shown to be model independent in the insulating phase [11, 12] , we conjecture that the qualitative results for mixed and resonant scattering are likewise model independent and hence are applicable to a wide range of different models and materials [20] . The Stokes Raman response function is plotted in Fig. 1 at T 0:5 for nine different incident photon frequencies ! i ranging from 0.5 to 4.5 in steps of 0.5. Since the transferred energy can be no larger than the incident photon energy, all scattering curves run from zero up to ! i . The first thing to note in Fig. 1 is the large nearly vertical line that occurs as ! ! i . This is the so-called double resonance, which yields a strong enhancement to the Raman scattering when the energy of the scattered photon approaches zero (it is similar in many respects to the triple resonance [10] , but the triple resonance requires an extra divergence in the renormalized vertex which does not occur in this model). In the Loudon-Fleury regime (! i t ; U) [9] , we see that the full response is essentially that of the unenhanced nonresonant response [11] plus the double-resonance peak.
One interesting feature of the response function, seen in experiments on correlated materials [2, 3] , and seen in theoretical calculations of the nonresonant response [11, 12] , is that at low energy there is an isosbestic point, where the response function is essentially independent of temperature at a particular frequency U=2. Below that frequency the response decreases as T is lowered, and above it increases. The isosbestic behavior must survive in the Loudon-Fleury regime, because the isosbestic point is at low energy, and the low-energy response is negligible in the resonant and mixed contributions. But what happens when ! i U? Here we expect interesting effects to occur, because the incident photon energy is the right size to cause transitions from the lower to upper Hubbard bands of the correlated insulator. Indeed, we find interesting results in this regime (Fig. 2) . At low temperature T < 0:7, a symmetry-dependent isosbestic point appears at a transferred frequency of 0.7-0.9 and is seen in all channels at low enough T. Hence the inclusion of resonant and mixed terms provides theoretical support for the generic presence of a low-temperature isosbestic point in all correlated systems, in full agreement with lightscattering measurements on Kondo and mixed-valent compounds [2, 3] .
Finally, we present results of what the resonant profile of the scattering looks like by fixing the transferred frequency and varying the incident photon energy. We expect that there will be a resonant peak in the response, and indeed this is so, although in some cases the double resonance overwhelms the presence of the peak. Note that in our theoretical results, in addition to the expected resonance that occurs when the incident photon frequency is close to the transferred frequency, another resonance occurs, where the low-energy peak is strongly enhanced when ! i U and is qualitatively similar to what is seen with the two-magnon resonance [4, 5] in high- temperature superconductors, even if the physics behind the joint resonance effect is different here. We show this regime in Figs. 3 ( 2:0) and 4 ( 0:5). In Fig. 3 we see a moderately broad peak centered at ! i 10 -20% higher than U. The enhancement of the charge-transfer peak in this regime can easily be an order of magnitude over the nonresonant response. In Fig. 4 , we see a similar resonant feature when the incident photon frequency is slightly larger than 0:5 (arising from the doubleresonance effect and at too low a photon energy to be experimentally observable in most materials), but a second less prominent series of broad peaks occurs when ! i U indicating that the low-energy and chargetransfer peaks are resonating together when ! i U (the width of this broad peak, on the order of t , is similar to the 1 eV width seen in the high-temperature superconductors). Hence the joint resonance effect observed for the two-magnon response in the high-temperature superconductors [4, 5] might be observable in many other correlated insulators [2, 3, 6] , that do not have magnons, via this alternative strongly correlated process. Finally we comment on finite-dimensional effects and the relevance of our calculations to real materials. In finite dimensions more diagrams enter into the irreducible vertex function, but we have seen by comparing different Raman response functions, that many features remain similar even when additional diagrams are present in one channel A 1g and not another (B 1g ). Hence we expect that the qualitative features we observe here will emerge in finite dimensions as well.
In conclusion, we have shown a number of interesting resonant features in theoretical calculations of electronic Raman scattering. These features include the double resonance, the resonant enhancement of nonresonant peaks, the appearance of isosbestic points, and the joint resonance of low-energy and charge-transfer peaks when ! i U. It will be interesting to see whether these predictions can be seen in a variety of correlated insulators, as conjectured. 
